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1.  Introduction. 

Tha  domination  problem  of  a  signed  measure,  aa  coononly  undarstood, 
ia  that  of  finding  a  positive  (finite)  measure  with  raapact  to  which 
tha  givan  one  ia  absolutely  continuoua  .  Hence  the  claaa  of  null  aata 
of  tha  given  aignad  aaaaura  contaiaa  tha  claaa  of  null  aata  of  the  dom¬ 
inating  aaaaura,  which  can  be  taken  aa  ita  (total)  variation  aaaaura. 

For  vector  aaaaura*  alao,  tha  dominating  aaaaura  ia  usually  taken  to  be 
the  (total)  variation  aaaaura  if  tha  latter  la  o-finlte,  or  at  least 
locally  finite.  However,  in  a  number  of  important  applications  a  vector 
aaaaura  need  not  have  a  o-finlte  total  variation,  and  tha  last  condition 
is  a  fundamental  assumption  for  tha  Radon-Nlkod^a  theory  of  these  mass  - 
urea.  But  by  an  laportant  theorem  of  Pettis,  each  vector  aaasure  into 
a  Banach  space  has  finite  seal -variation  and  tha  determination  of  a  dom¬ 
inating  aaasure  takas  on  an  interest  of  its  own.  So  one  aay  consider 
weaker  concepts  of  p- (seal-) variation  of  a  vector  aaaaura  for  soaa  pal, 
and  chan  saarch  for  the  existence  of  a  dominating  aaasure.  It  results 
that  this  existence  problem  depends  both  on  such  a  pal  and  the  type 
of Y*nge  space.  This  leads  to  Che  classification  of  (range)  vector  spaces 
whi«  admit  domination  for  each  given  p  ,  and  it  is  a  nontrivial  natter. 

In  this  paper  the  question  of  finite  p-variatlon  and  its  represen¬ 
tation  (via  the  Radon-Nlkod?m  theory)  will  noc  be  considered  beyond  its 
comparison,  even  chough  it  is  useful  in  che  integral  representation  of 
certain  linear  operations.  On  che  ocher  hand,  che  problea  of  finite 
p-seai-varlaclon  has  ioaedlace  Interest  for  certsln  stochastic  process 
representations,  and  chat  will  be  created  in  a  reasonably  detailed  fashion 
for  a  class  of  vector  measures,^  An  outline  of  che  concent  of  this  paper 
is  as  follows.  f\ 

The  next  section  is  utilized  to  a  precise  formulation  of  the  dom¬ 
ination  problea,  and  a  solution  of  the  general  case.  The  generality  of 
the  result  renders  it  somewhat  ineffective  for  che  special  applications 
here.  In  Section  3,  a  class  of  spaces  is  thus  isolated  for  which  a 
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complete  aoLueion  of  eh*  domination  problem  la  obtained  for  vactor  meas- 
uraa ,  which  have  p-seml-variation  flnlea,  lap  <2  .  Tha  work  hara  da- 
panda  in  pare  on  an  Inequality  of  Grothendieck-Pietsch.  Tha  raae  of 
the  papar  la  davocad  eo  some  key  appllcaclona  of  ehla  theory  eo  nonsta- 
c ionary  procaaaaa.  Thua  Sactlon  4  la  uellizad  in  ahowlng  that  a  large 
claaa  of  aacond  ordar  (nonaeaelonary)  procaaaaa,  introduced  by  Cramdr 
[2],  adait  a  dilation  eo  procaaaaa  of  eha  eypa  conaldarad  by  Karhunan 
[6]  on  an  extended  Hilbert  apace.  Conversely,  a  continuous  linear  erans 
formetlon  of  a  Karhunan  process  la  always  of  a  Cramdr  process.  Re la tad 
scudy  on  seochasele  measures  la  given  In  [10]  and  analogous  results  ap¬ 
pear  in  [12].  These  considerations  also  admit  interesting  applications 
to  operator  theory  and  eha  last  section  la  devoted  eo  ehla.  Thera  it 
la  shown  that  a  larga  family  of  bounded  operators  on  a  Hilbert  space  haa 
self-adjoint  dilations.  This  generalizes  the  classical  results  on  uni¬ 
tary  dilations  of  contractions  in  [14].  Lae  us  now  turn  to  details. 

2.  Domination  problem  for  general  vector  measures. 

If  (Cl,!)  la  a  measurable  space,  I  a  Banach  space  with  norm  ||  •  'J 
and  v:£-I  la  weakly  (or  equivalently  strongly)  o-addltlve,  called  a 
vector  measure,  then  the  o- variation  of  v  relative  to  a  measure  >4  :£  - 
it  Is  defined  on  A  as : 

|v|p(A)  -  sup{  Ji||v(Al)|||al|:Atf£(A),  disjoint,  !|f!|q>/l}  ,  (1) 

where  f  -  Ea.x.  ,  q  •  p/p-1*  1  ,  and  f€Lq(0,£,u)  "  Lqk)  ,  E(A) 

1*1  1  A1 

being  the  trace  o-algebra  of  E  on  a  .  If  |v|p(A)<»  ,  then  v  is 
said  to  have  o-variaclon  finite  on  A  relative  to  u  .  If  p  -  1  , 

L* (h)  Is  usually  replaced  by  B(n,£)  ,  the  vector  space  of  bounded  (£-) 
measurable  scalar  functions  with  uniform  norm,  without  reference  to  u  , 
and  the  1-varlatlon  is  simply  called  variation.  Then  (1)  reduces  to: 

I  v  |  (A)  -  sup{  2  IN  (A.)!',  :A,  <£  (A) ,  disjoint]  .  (2) 

1*1  1  1 

Also  I V I  (•)  Is  additive  or  o-addltlve  accordingly  as  v  is,  buc  this 
Is  obviously  not  true  of  |v|p(')  for  p>l  . 

A  weaker  concept  Is  n-seml-vsrlatlon  relative  to  u  ,  defined  as: 

INlIpCA)  -  sup{||iSiatv(Al)II:At«£(A),  disjoint,  ||f  Jl^al)  ,  (3) 

■  ^a^  »  *  ■  p/p-1  a  l  ,  as  before.  If  l|vj|p(A)<*  ,  then 


where  f 


p  ■  1  ,  L*(u)  l*  again  replaced  by  B(C7,I)  ,  and  cha  l -semi- variation 
la  callad  semi-variation.  In  thla  casa  (3)  becomes: 

Kvil <A>  -  aarfB  &  a1vC*i)|:|a&|«l(A1tt(A),  diajolne}  .  (4) 

Moca  Chat  Cor  1 -semi- variation  also,  tha  auxiliary  aaasura  is  not  neces- 
sary.  tha  ralaeions  baewaan  cha  dlffaranc  daClnielons  ara: 

I v |  (A)  a  |v|x(A)  ,  i|v||(A)  a  l|v||^(A)  , 

with  equal Idas  if  v  is  u -continuous .  Also  ![vi|^(A)  a  |v|p(A)  gener- 
ally,  with  a  strict  Inequality  1C  Z  is  lnCinita  dlmana lonal .  An  ex- 
candad  discussion  oC  thasa  variations  can  ba  found  in  [3]. 

It  is  convaniant  to  rascaca  cha  p-seati-variaclon  daCinitlon  (3)  in 
cha  following  integral  Coca: 

Wp(k)  -  supCIIj-CdvIlsilC^^al]  ,  (5) 

where  tha  integral  of  a  measurable  scalar  function  relative  to  a  vector 
measure  is  taken  in  tha  sense  of  Dunford  and  Schwartz  ([4],  IV. 10).  A- 
na logo us  formula  does  not  obtain  for  cha  p-variatlon  casa. 

With  chase  concepts,  cha  needed  classical  properties  of  vector  mass* 
urea  can  ba  quickly  stated.  It  is  a  consequence  of  a  theorem  of  Pattis 
(cf.  (4],  IV. 10.2)  chat  a  vector  measure  la  of  finite  semi-variation, 
for  any  Banach  space  Z  .  Evan  Chough  |v)(-)  is  9-addicive,  it  need 
not  ba  finite  on  most  sets  of  £  .  For  tha  Radon-Nikodfm  theory  however, 
cha  basic  assumption  is  chat  u  •  | v | ( ■ ) :£  -H+  is  at  least  o-finice, 
and  than  one  seeks  conditions  on  the  spaces  Z  such  that  cha  derivative 
sr  If  Z  is  reflexive  or  a  separable  adjoint  space,  such  a 

result  holds.  In  general  even  if  Z  is  a  Hilbert  space  X  ,  u  *  M(-) 
•  (B) -R+  need  not  be  o-finice,  where  •  &)  is  the  Borel  o-algebra 
of  the  line  R  .  For  instance,  if  v  is  defined  by  the  Wiener  process 
on  R  into  a  ,  then  |v|(A)  -  +»  for  each  nondegenerace  open  sec  A  c 
B .  A  similar  phenomenon  occurs  in  many  ocher  probabilistic  applications 
involving  integral  representations  of  processes  by  stochastic  measures 
such  as  chose  needed  for  the  stationary  or  harmonizsble  processes,  as 
well  as  the  ones  considered  in  Section  4  below. 

Thus  the  main  technical  problem  of  this  paper  is  the  following. 

If  v - Z  is  o-additive,  does  there  exist  a  o-finice  u  :E  -  k+  such 
chat  for  some  l*p<»  one  has  (with  q  *  p/p-1  ) 

||/f(w)V(d«);L  a  '.IfIL  ,  f «5<m)  ?  (6) 

A  *•  q.i* 

In  ocher  words,  does  v  have  finite  p-seml-varlatlon  for  some  l<p<» 
and  some  measure  u  ?  This  is  referred  to  as  the  domination  problem. 

A  solution  of  this  problem  is  important  for  applications.  A  related 


question  La  to  classify  eha  apacaa  X  for  which  eha  existence  (or  non* 
axiaeaoca)  of  auch  a  u  la  eo  ba  determined  for  each  given  p  .  Some 
partial  aolutiona  art  obtained  eo  ehaaa  questions,  and  they  will  ba  given 
here.  Theae  result*  have  already  proved  uaeful  for  Important  application*. 

For  the  general  caae,  it  la  convenient  eo  reatate  (5)  in  a  somewhat 
extended  fora.  Recall  that  if  la  a  symmetric  convex  function, 

o(0)  -  0  and  9  i  0  ,  it  la  called  a  Young  function  with  « :XL-  R*  aa 
it*  conjugate  where  t(x)  -  *up{  |x|y-«p(y)  :yaO)  .  Then  ♦  la  also  con¬ 
vex  with  similar  propertiea  and  the  gauge  norm  of  a  measurable  f  is 
defined  as: 

II f I! ♦  ,u  *  lnf£«>0:£*(f-)<fc*i}  • 

The  m-aeml-variaelon  of  v:E-x  Is  then  defined  as  in  (S),  l.a., 

IML(A)  -  aupn;f(«)v(d«);|:!!f;|.  si}  ,  (7) 

m  n 

where  the  vector  Integral  la  In  the  sense  of  Dunford-Sehwartz ,  and  ocher 
symbols  are  aa  defined  before.  If  sp(x)  -  |x|p,  pal  ,  then  (7)  becomes 
(5). 

A  solution  of  Che  general  ease  la  given  by  the  following: 


THEOREM  1.  Lee  (n,E)  be  a  measurable  space,  I  a  Banach  space  and 
v :£  - 1  a  vector  measure.  Then  there  axlsts  a  finite  positive  u  :E  -R* 
a  continuous  Young  function  w:R«»lr  i  -  as  x  t  •  .  such  that 


Proof:  Aa  noted  already,  Che  weak  and  strong  o-additivlty  of  a 
vector  measure  are  equivalent.  Lee  S*  be  the  unit  sphere  of  the  ad¬ 
joint  space  X*  of  X  ,  and  (An,nal}  e  E  be  a  disjoint  sequence.  Then 

0  •  limi|v(  U  A  )«  £  vJAOll 
n—  nal  n  k-1  * 

-  llmsupt  |  (x*-v)(  u  A  )-  L  (x**v)(A|)|  :x*€S*}  .  (8) 

n— •  nal  0  k-1 


So  the  scalar  (signed)  measures  {x*«v :x*€S*)  are  uniformly  j- additive 
on  E  .  By  a  result  of  Bartle-Dunford-Schwarcz  (cf.  [4],  IV.  10.5)  there 
exists  a  positive  finite  (sometimes  called  a  "control")  measure  u :Z  -R+ 
such  chat  x  *v  is  u -continuous  for  all  x  €S  Hence  by  Che  scalar 

Radon-Nlkod^m  theorem,  g  *  -  exists  and  by  (8)  one  has 


0  -  11m  |x**v(A)|  -  lia  J*  g  *(»)u(dui)  . 

u(A)-0  u(A)-0A  x 


(9) 
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uniformly  in  x  €S  Hence  (g  *:x  €S  ]  c  L^(u)  la  bounded  (alnea  a 

x 

vac cor  aaaaura  la  bound ad)  and  uniformly  u • Inca grab la .  Remembering  cha 
face  ehae  u(n)<s  ,  ona  can  Invoke  cha  claaalcal  da  la  Vallde  Pouaaln ' a 
theorem  (cf.  a.g.  [11],  Thm.  1.4.4,  for  Cha  form  uaad  hara),  ehara  axlaca 
a  convax  function  of  eha  givan  daacrlpclon  auch  ehac 

Twd*  #l(«))u (da)  a  W0<«  ,  x*€S*  .  (10) 

Cl  x 

Lae  ba  eha  conjugate  function  eo  «  .  Than  ona  haa 

IML(n)  -  aup(  !U*f  (t»)v(d*)U  i Hf It #  «i) 

•  aupf  aup(|^f(<i)(x*«v)(dt«)|  :x*€S*]  :!lf!lt  >u*l} 

-  aupfaup[|^f (»)g  *(m)v(dw)l  :x%S*J:||fL  *1} 
fix 

a  2  aup  (aup(i|g  J  U!I«!L  u  :**«*]  :||f!L  *1}  ,  by  cha  HBlder 

Inequality  for  Orlicz  apacaa, 
a  2  aup  [!|g  :x*€S*I  *2k0«-  ,  by  (10). 

Thla  complaeea  cha  proof. 

Dlacuaalon  2.  By  eha  aarliar  reaarka,  alnea  v  la  u-conclnuoua ,  lc 
follow  chat  !lv|| (0)  •  l|v||^(Cl)<«  ralaclva  to  u  .  By  tha  aupporc  llna 
proparcy  of  eha  convax  function  «  ,  and  eha  face  chat  u(Cl)<-  ,  lc  la 
aaan  ehac  L®  (u )  c  Ll(u)  where  L®(u)  la  eha  Orlicz  apace  defined  aa 
L®(u)  ■  C  f :  I] f ',1  <•]  with  norm  'ML  Thla  la  a  Banach  apace  and 

CP  »U  CP 

eha  lnclualon  into  L^Cu)  la  eopologlcal.  From  chla  ona  daducaa  ehac 
chare  la  a  conaeane  0<C<»  auch  that  !!v!L(0)  *  C!|v;!(o)<»  .  Howvar 
o  may  (In  general  doaa)  grow  faaear  chan  any  polynomial,  and  lc  alao 
depanda  on  eha  apace  X  .  If  «p(x)  *  |x|p  ,  lc  la  noncrlvlal  eo  claaalfy 
Banach  apacaa  X  for  each  given  pal  .  Thla  problem  haa  lncereae  In 
appllcaelona  and  la  eaaenelally  open. 

If  «(x)  •  x2  ,  an  imporeane  aapace  of  eha  correapondlng  problem 
can  ba  aolvad,  ao  ehac  v  la  dominated  by  a  pair  (2,u)  . 

3.  Domination  problem  for  a  aoaclal  claaa  of  apacaa. 

Ie  la  convaniane  eo  lneroduce  eha  following  concape: 

Definition  3.  Lae  pal,  la  1  ba  nwbera ,  and  X  ba  a  Banach  apace. 
Than  X  la  earned  an  t -apace  If  for  each  n-dlmanalonal  aubapace  E 
of  X,  l*n<a  ,  ehara  la  an  m-dlaenalonal  aubapace  F  of  X  (  l*m<»  ) , 

E  c  F  ,  auch  ehac  d(F,i®)  *X  where  i®  la  eha  m*dlaanalonal  Lebeague 
aaquanca  apace,  and  whara  for  any  pair  of  normed  vector  apacaa  E^.Ej  • 
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BCE^Ej)  stands 
Ej  •  The  space 
(An  oparator 


dCBpEj)  -  tnfC!!T!M|T'l!|:T€B(E1,E2)}  .  Hare  and  below 
for  eha  apaca  of  bound ad  linear  mappings  on  E^  into 
is  an  £p *!£*£•  if  it  is  an  £  ^-spaca  for  soma  X  >1  . 
naans  a  Llnaar  oparator  in  this  papar.) 

Zt  is  known  that  aach  Lp  (u ' )  on  a  maasura  spaca 

X  >1  ,  and  an  abstract  (M) -specs  is  an  tm 
X>1  .  Furthar  tha  class  of  £j -spaces  coincidas  with 
eha  class  of  Banach  spacas  isomorphic  with  Hilbert  spaces.  For  instance 
a  Banach  spac^  such  that  its  non  and  eha  non  of  its  adjoint  spaca  are 

Sev- 
can  be 


an  £_  .  *spaca  for  every 

Pi* 

spaca  for  every 


(n\E',u')  is 
•A* 


both  twice  continuously  Frdchee  different  lab  la ,  is  of  class  £j 


aral  properties  of  £  -spaces,  s 
found  in  [7] . 


of  which  will  be  needed  hare, 


In  cans  of  eha  above  notation  and  concepts  one  has : 


THEOREM  4.  Lee  (£1,1)  be  a  measurable  space.  B(0,E)  tha  Banach  space 
of  scalar  (t-lmaasurabla  bounded  functions  with  uniform  non,  and  4 
an  £  -soaca.  1  a  p  a  2  .  Lae  v  -  4  be  a  vector  maasura.  Than  v  is 
(2 -u) -dominated.  Mora  explicitly,  there  exists  a  finite  positive  maas- 

uei  u  aa  e  aa tiuaai 

!l.rf(»)v(dm)||  a  Ufa,  ,  f<B(n,r)  ,  (11) 

n  "  ’ 

isi  »  tin  a-tnl-ytEiitton.fVult*  tHkIyp  .so  u  . 

Proof :  For  eha  following  relatively  shore  argument,  some  auxiliary 
results  from  Functional  Analysis  are  needed,  and  they  will  be  glvan  with 
rafarancas.  Lac  T:1  n  'f (u)v(de)<4,  fCZ  “  B(fl,r)  ,  so  chae  T  la  a 

M 

well-defined  operator  and  since  v  is  a  vector  measure  lc  is  also  se¬ 
quentially  continuous  for  bounded  polncwlse  limits,  by  ([A],  IV. 10. 10). 
This  naans  if  fa€X  ,  -  f  poincwlss  and  boundadly,  than  .|Tfn!!y  - 

’.!Tf!|^  ,  and  of  course  T  is  bounded.  Mow  (11)  will  be  established  in 
three  steps. 

I.  First  ass«M  that  I  -  C(S)  ,  the  space  of  real  continuous  func 
cions  on  a  compact  Hausdorff  space  S  .  Lee  q:s  i#€T*  ,  where 

ig(f)  •  f(s)  ,  fll  ,  the  evaluation  functional  on  I  *  C(S)  .  If  K  c 

I*  is  the  sec  of  all  extreme  points  of  the  unit  ball,  then  by  the 
Mil 'man ' s  theorem  (cf.  (4],  V.|,  pp.  440-442),  since  S  is  compact 
Hausdorff,  K  is  closed  and  equals  q(S)u(-q(S))  ,  the  extreme  points 
being  of  the  form  »if  with  |a|  ■  1  .  Thus  if  T€B(C(S),4)  where 
4  is  an  fp-space  l<p  *2  ,  then  by  ([7],  Corol.  2  to  Thm.  4.3  and  Prop 
3.1,  eha  latter  is  the  Groehendleck-Pietsch  inequality  alluded  to  in 
eha  Introduction),  the  space  X  “  C(S)  being  an  £a-spece,  there  exists 
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a  regular  probability  aaaaure  uQ  on  K  ,  hence  on  q(S)u (-q(S))  , 
abaolute  constants  ex>c2  ,uch  chat 

iit<  *  «i  ;  u,(*)i^0wis)+c2  ;  ii#(*)i^o«ug).  up*2  , 

*  q(S)  *q(S) 

*  c3^  |f(s)|2u0(ds),  f«Z  .  (12) 

Here  S  and  q(S)  are  identified  (as  they  can  be)  and  c3  ■  2m*x(cltc2) 
For  the  complex  case  C(S)  -  Cr(S)  +iCt(S)  so  that  the  inequality  (12) 
bolds  if  c3  is  replaced  by  c^  ■  2e3  .  This  is  (11)  if  X  ■  C(S)  there, 
and  if  one  defines  the  measure  u  ss  c^uq  ■ 

11.  Suppose  X  "  B (n , r )  ,  and  tj  an  fp-space,  l«p<2  as  before. 

Since  Z  is  a  closed  subalgebra  of  B(0)  (  “B(Q,2n)  ),  it  follows  by 
the  isomorphism  theorem  (cf.  (4),  IV. 6. 18)  that  there  is  a  compact  (ex- 
tremally  disconnected)  Hausdorff  space  Sg  and  an  isometric  algebraic 
isomorphism  I  between  X  and  ZQ  *  C(SQ)  which  maps  real  elements 
of  I  into  real  functions  of  Zg  ,  complex  conjugate  functions  into 
complex  conjugate  ones  and  preserves  order  relation  between  real  func¬ 
tions.  Let  T  -  T*l’l:I0-\|  .  Then  T€B(Iq,4)  and  T  satisfies  the 
hypothesis  of  Step  I.  Hence  there  is  a  regular  Borel  measure  on 

Sg  into  R+  such  chat 

a*fn„  *  w\2tUl,  f«0 .  (is) 

Now  tez  implies  f  “  I(f)«Zg  .  Consequently  (13)  can  be  sim¬ 
plified  as  fallows: 

!|Tf|lv  -  il«;i4  ‘  > 

-  <J2,Ul)  ,  since  u^flg  and  <•,•>  is  the  duality 

pairing, 

-  <I(f )I(£)  ,uj_>  • 

-  <I(f!),u1>  ,  by  the  algebraic  properties  of  I  , 

■  <£f,I*(Ux)>  »  I*:Zg  -X*  is  the  adjoint  mapping  of 

I  , 

-  <Hf|2U2(du))  ,  (14) 

where  u2  ■  I*(u^)€T*  ■  ba(n,r)  ,  the  space  of  bounded  additive  set 
functions  on  I  with  total  variation  as  norm.  Here  the  integral  re¬ 
lative  to  a  finitely  additive  u2  is  defined  in  the  standard  manner 
(cf.  (4],  p.  108ff).  It  thus  remains  to  show  chat,  in  (14),  u2  may 
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i 


ba  replaced  by  a  cj-addltiva  raaaaura . 

III.  To  axeand  eh*  rasulc  for  a  boundad  a-addlciva  maaaura,  lac 
u  ba  cha  Cacatbdodory  ganaracad  maaaura  by  eha  pair  (T,n)  .  Lac 
ba  cha  elaaa  of  u-maaaurabla  sacs.  Than  eha  classical  ehaory  Imp lias 
(cf.,  a.g.  [13],  pp.  66-67)  chac  1=1,  and  u  Is  o-addleiva  on  , 
u(A)*u2(A)>  (aqua 1 Icy  holds  iff  u2  ia  also  c-addiciva  on  Z  ). 

Mow  (11)  will  follow  if  (14)  is  shown  eo  ba  erua  wich  u  in  placa  of 
^2  and  f  a  seap  funceion,  sinca  scap  funceions  ara  uniformly  da ns a 
in  B(n,r)  (cf.  [4],  p.  239).  This  is  varlflad  by  a  dlracc  compuca- 
cion  balow. 

m 

So  lac  f  ■  2  ajx^  ,  A^fTg  •  disjoine,  and  a^  i  0  .  By  daf ini- 

cion  of  u  and  eha  boundadnass  of  u2  >  givan  e  >0  ,  chara  axisc  Aln€5: 

such  chac  A.  c  u  a5_  and 
1  n-1  tn 


U<Ai>+^h7>i«2<A*in>  •  <15> 

m|a^|  n-1 

Raplacing  A^  by  A^flA^  in  Z  ,  if  nacassary,  ona  may  assuma  in  Cha 

abova  chac  A,  -  u  A,_  also,  wlchouc  changing  cha  inaquallcy  (15). 

1  t»l  ln 


Lac 

and 


m 

2 

l-l 


*ix 


N 

U  A 
k-1 


c 

ik 


wich  cha  scacad  mod if icaciona . 


Than  f^6I  , 


f^-f  poincwlsa  and  boundadly.  Consaquancly  (14)  slmpliflas  Co: 
;iTf*;:J  -  ;i^fj(«)w(dm)ii{«^|fj(.)i2n2(dsi) 


m 

2 

1-1 
m 

2  |« 

1-1 


»il 


u2(  u 
1  k-1 


,  N 
|2  s 


Aik> 


k-1 


(A?.  )  ,  sinca 


w2v*ik 


Laccing  H  -« 
!!tf!l2  - 


on  boch  sldas  and  using  ([4], 

!|j*f  (u,)v(du,)|lj 

0  * 


'is  addlciva. 

IV. 10. 10)  ona  has 


*  2  |at|2[4(At)+-r£-2-J  ,  by  (15), 

i-i  1  1  n»l  «j_| 2 

•  J,|f(«)|2u(dui)  +«  . 

0 


Sinca  <  >0  is  arblerary,  (11)  is  provad  for  all  scap  funceions  f 61 
and  hanca,  by  cha  aarliar  conmane,  ganarally.  This  complacas  Cha  proof. 

In  eha  rase  of  cha  papar  soma  Important  stochastic  and  oparacor 
applications  of  this  rasule  with  4  as  an  L  -spaca  will  ba  prasanead. 
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ir  and  Karhunen  processes . 


On*  of  Ch«  most  interesting  applications  of  ch*  domination  problem, 
•specially  eh*  special  case  created  in  the  prcedlng  section,  is  in  re* 
lacing  two  general  classes  of  none tatlonarv  second  order  processes,  to 
be  called  Cramer  and  Karhunen  -lasses  here.  It  will  be  shown  essentially 
that  the  projection  of  each  Karhunen  class  is  of  CraraSr  class  and  many, 
but  not  all,  Cramer  classes  are  projections  of  some  Karhunen  classes  on 
enlarged  probability  spaces,  depending  on  the  process  under  considera¬ 
tion. 

2  2 

To  introduce  these  processes,  let  X:F  -Lg(n,r,P)  “  LQ(P)  be  a 
2  2 

mapping  where  LQ(P)  is  che  L  -space  on  a  probability  triple  (n,T,P)  , 
where  f€li(P)  iff  ffdP  -  E(f)  -  0  .  Then  X  is  called  a  Karhunen 

°  n 

process  (or  class)  If  the  covariance  function  r(-,-):(s,t)  *•  E(X(s)X(c ) ) 

*  (X(s) ,X(t))  ,  Che  inner  product,  can  be  represented  as  the  Lebesgue- 
Scieltjes  (LS-)  integral  (cf.  [4]): 

r(s,C)  -  :g(«,X)gTc,X)F(dl)  ,  s.cCR  ,  (16) 

R 

relative  to  a  class  of  Borel  functions  [ g(s , • ) ,s€R )  and  a  s-flnlte 
Borel  measure  F  on  A(fL)  .  It  can  be  shown  that  such  a  process  is 
representable  as: 

X(t)  -  fg(c,DZ(dX)  ,  t€R  ,  (17) 

& 

where  Z  :a0<R)  -  L*  (P)  .satisfies  (Z(A)  ,Z(B))  -  F(AOB)  ,  f»0(R)  being 

the  S-ring  of  bounded  Borel  secs  of  R  .  Thus  Z(-)  has  orthogonal 
values.  The  mapping  X  ,  instead,  is  called  a  Cramdr  process  (or  class) 
if  its  covariance  is  expressible  as  che  strong  Morse-Transue  (or  MT-) 
integral  (cf.  [9]  for  che  basic  Cheory  of  this  nonabsolute  integral): 

r(s,c)  -  £  ^g(s,\)gTt,l')i,(di  ,di  ')  ,  s,t€R  (18) 

relative  to  a  class  of  Borel  functions  Cg(s,-)»s€R]  and  a  covariance 
blaeasure  of  finite  Frdchec  variation  on  Sg®l)x*0<R)  ,  such  that 

0  *  fc  *8<* ,X  '  )F(dl  .di  ' )  <  •  • 

R  R 

If  #  is  of  finite  Vlcali  variation  on  «Q®)*g0Gl)  ,  then  che  above 
integrals  become  LS-lncegrals .  The  latter  case  is  the  one  actually  con¬ 
sidered  in  [2],  but  the  present  generality  is  needed.  This  will  be  called 
a  Cramer  process.  Note  Chat  if  F  concentrates  on  che  diagonal,  then 
(18)  reduces  to  (16)  so  thac  che  Karhunen  class  is  a  subset  of  che  Crmer 
c lass . 

Again  it  can  be  proved  thac  che  eraser  process  also  admits  an 
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integral  represencaeion  at: 

X(t)  -  **<c,X)2(<tt)  ,  c€F  ,  (19) 

fe 

for  a  7-addicive  Z  :*q  OR)  -  L2  (P>  »uch  chat  (Z(A),Z(B))*  F(A,B)  and 
cha  integrals  In  (17)  and  (19)  ara  In  the  Dunford- Schwartz  Sanaa.  (I 
hava  varlfiad  both  thasa  raprasancaclons  for  cha  work  in  [12].)  For 
slapllclcy,  lc  will  ba  assumed  haraafcar  chac,  for  cha  work  of  (16)-(19), 
#q(R)  can  ba  raplacad  by  a  01)  lcsalf,  so  chac  Z,£  ara  vaccor  maas- 
uras  on  *01)  Into  Lq(P)  . 

If  g(C,x)  ■  alcx  ,  chan  cha  abova  daflnad  Craadr  procass  ba comas 
a  waakly  harmonlzable  procass  and  lc  Is  strongly  haraonlzabla  If  cha 
MT-incagral  in  (18)  Is  raplacad  by  cha  LS-incegral.  Tha  laccar  concapc 
was  firsc  incroducad  by  Loive  ([8],  p.  474).  Tha  ganaral  dilation  re- 
sulc  scactd  ac  cha  baginning  of  this  saccion  will  now  ba  damonscracad . 

Lac  X:F  -Lq(P)  ba  a  Karhunan  procass  ralaclva  co  a  family 
[  g  (s ,  • )  ,s€F  }  and  a  c-finice  measure  F  on  HCR)  as  in  (16).  If 
T:Lg(P)  -Lq(P)  is  any  boundad  linaar  oparacor,  consldar  Y( c)  •  TX(t), 
ceK  .  Using  cha  raprasancacion  (17),  ona  has 

Y(c)  -  rg(c,x)2(di)  -  *g(e,x)(T.Z)(dX)  ,  (20) 

F  R 

by  a  classical  cheoram  (cf.  (4 ] ,  p.  324),  since  g(t,)  is  Z-lntegrable 
implies  lc  is  also  T •Z-lncegrabla  (cf.  [15],  p.  79).  Leetlng  Z  •  T-Z  , 
which  is  a  vaccor  maasura  on  «(R)  into  Lq(P)  ,  ic  is  saan  chac  cha  co- 
varianca  of  cha  process  Y  is  expressible  as  in  (18)  relaclve  co  cha 
blaaasure  function  F:(A,B)*-  (f(A),Z(B))  ,  A,B€80l)  .  Thus  Y :  F  -  Lq(P) 
is  a  Cramdr  procass . 

The  result  in  cha  opposlca  direction  is  harder.  Ic  uses  Theorem  ■* 
in  a  crucial  manner.  Thus  lac  (X(t),teF)  be  a  Craadr  process  rela- 
Cive  Co  (g(c,  • )  ,c€R  }  and  F  as  in  (18),  and  then  by  (19) 

X(c)  •  'g(c,X)Z(dX)  ,  c€F  , 

K 

wich  Z:8(JO-Lq(P)  as  a  vaccor  measure,  by  che  current  assumption. 

2 

Taking  14  -  LQ (P )  ln  Theorem  4,  ic  follows  chac  there  is  a  f inice  reg¬ 
ular  Borel  measure  u  on  *00  such  chac 

■rf(X)f(dX)Hv  *  !!f'!2tU  ,  f€B<F,*0O)  •  (21) 

What  if  f  is  not  bounded  ln  (21)7  If  f  is  l -incegrable ,  Chen 
Chare  axlscs  fQ€B0l,*0l))  such  chac  ffl  -  f  poincvlse  and  by  cha  vec¬ 
tor  dominated  convergence  theorem  (cf.  [4],  IV. 10. 10)  me  has 

rf(X)Z(dX)!|2  -  limi|'fn(X)2(dX)'!2 
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*  .  by  <21>. 

n-*  & 

*  f  11«|  fB(X)|2u(dX)  ,  by  Fetou's  inequality, 
Si  ii*-* 

-£|f(X)|2u(dX)  . 


(22) 


However ,  while  Che  left  side  of  (22)  it  finite,  che  right  aide  can  be 
Infinite  when  f  la  noc  bounded.  Nevertheless ,  (22)  la  of  Intereat. 

If  u  la  either  a  Lebeague  neaaure,  or  la  doiainaced  by  the  Lebesgue 
measure  with  a  bounded  density,  Chen  (the  process  determined  by)  the 
vector  measure  £  for  which  (22)  Is  true  Is  called  an  L2, 2 -bounded  meas¬ 
ure  (and  Process,  respectively)  by  Bochner  (cf.  [1],  p.  25)  who  empha¬ 
sized  che  Importance  of  this  concept.  The  Wiener  process  Is  a  particu¬ 
lar  example  of  this.  So  hereafter  [g(C, • ),t€B. )  will  also  be  con¬ 
sidered  as  contained  in  L2(u)  for  any  n  satisfying  (22).  In  par¬ 
ticular  g(c,  ')€B0t,«0R))  c  L2(w),  ce»,  for  every  such  finite  domin¬ 
ating  u  ,  verifies  this  assumption. 

Define  a  bimeasure  v :B (R)xfl  (R)  - C  as  v(A,B)  “  u(AHB)  .  Hence 
one  has 


££flft,x'>v(dX,dX')  ■  ^fj (X ,X)u (dX )  ,  f^1^) 


(23) 


Setting  a  -  v  -  f  :8<H.)x8(R)  -  C  ,  (22)  Implies  with  f^x.x')  -  f(x)f7T7 
in  (23), 


<^|f(X)|  u(dx) 


|^f  (x  )£  (dx)i|2 
^f(x)rrrrTv(dx,dx')  -^f(x)rTTTF  (dx.dx') 

I(f,f)  (say). 


■  ;  /f(x)HTTi(dx,dx') 

KB 


f€L2(u) 


(24) 


Thus  a ( • ,  • )  is  a  covariance  blmeasure  on  #$t)x*0R)  .  Considering 
I(f,g)  as  the  MI- integral  relative  to  a  which  Is  clearly  of  finite 
Frdchec  variation  (since  v  and  F  are).  It  follows  chat  I(f,g)  “ 
TTgTTT  ,  0*I(f,f)<«  ,  so  that  I:L2(u)xL2(u) -C  qualifies  to  be  a 


positive  hermitlan  kernel.  Then  by  the 
a  Hilbert  space  X  determined  by  !(• 


theory  of  Aronszajn,  there  is 
•)  ,  such  that  I(f,g)  -  (hf,hg 
hf,hgQi  .  But  for  concreteness,  a  short  explicit  construction  of  X 
will  be  included  here  so  that  a  Karhunen  process  In  X  with  a  as  Its 
covariance  blmeasure  (In  the  representation  (16))  can  be  exhibited. 

Let  [•,•]'  :L2(u)xL2(u)  -C  be  defined  by  [f  ,g] '  -  I(f  ,g)  .  Then 
by  (24),  [•,•)'  la  a  aeml-tnner  f — J — “  —  ’2 

is  the  sec  L2(y)/n 


), 


*  0}  and  X^ 


Is  a  semi- Inner  product  on 
che  sec  L2(u)/n„  ,  define 


L  (u )  ■  If 

(-,-J:XlxX1 


n0  -  (  f  :  [f ,  f  1 
C  by 
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1(f), (1)1  -  !«.«)'  .  MU)^  .  (23) 

Than  (•,•]  ia  «a  inner  produce  on  M^  end  lee  Mg  be  tea  coapleeion 

in  eh  la  indue  ad  as  trie.  Lae  n^t  (n)-»fl  be  eba  canonical  projection. 
Moca  chac  mq  nap  noe  ba  aaparabla.  Cooaidar  eha  tuba pace*  m',m*  da* 

Ciaad  by  m'  -  aplx(e),e«}e  Lg(P),  m'  -  sptX^c^gWc, •  )),e«»] c  mq 
and  aac  up  eha  dirace  ata  M  *  m  'an'  whoa*  inner  produce  ia  eha  tun  of 
eha  inner  producer  of  M'  and  M*  ,  idaneiflad  aa  a'n(0},  (O)w'  • 
Since  M'  c  Lg(P)  ,  lee  ua  reel lie  M*  aa  a  aubapaca  of  tone 
Lg(P')  on  a  probabilley  apace  (n',E',P')  ao  chae  one  can  enlarge  eha 
original  (fl.X.P)  by  adjoining  ehia  nan  triple  (l.a.,  (n ,£,?)  • 
(n,E,P)*(n' ,Z' ,?')  )  and  ehan  one  can  realise  M  aa  a  aubapace  of 
Lg(P)  .  Thus  bo  eh  X  and  X^-procesaes  will  ba  indapandanc  and  cake 

values  in  M  ,  Y  ■  X+X^  ,  Y*~Lg(f)  will  ba  shown  co  ba  eha  daaired 
Karbunan  process.  Such  a  realisation  aa  no  cad  above  ia  claaaical,  buc 
nay  noe  ba  as  wall  known.  So  a  brief  skaech  will  ba  included  hare. 

Let  [h. ,J€J}  cm'  ba  a  conpleea  orehonomal  sac.  If  n .  •  C  , 

Cj  *  Boral  a-algebra  of  C  ,  and  Pj  (A)  ■  (2n)“lJ*exp(-|  e^/Xldtjdtj  , 

A€Xj  ,  e  -  Cj+iCjSC  ,  J€J  ,  let  (Cl'.l'.P')  -  •  (Oj.Ej.Pj)  ,  eha  pro¬ 
duce  apace  given  by  eha  Fublnl-Jassen  eheoram  (cf.  [4],  III. 11. 20).  If 
X(J)  “  a(J),  j €J ,  «€fl'  •  t?  ,  eha  coordinace  function,  than  it  follows 
that  E(*(J))-  0,  E(|X(J)|2)  *  1  and  (X(J),J€J]  is  a  sat  of  inde¬ 
pendent  standard  Gaussian  randon  variables  in  Lg(P')  .  The  correspond¬ 
ence  r :h^  »  X(i)  ,  extended  linearly,  sacs  up  an  lsooorphlaa  of  a* 
onto  X  -  SRX(J),J€J}  c  L^(P')  ,  and  llrfhj)"2  -  E(!X(J)I2)  •  (hj.hj.J 
«  1,  jfcJ  .  Thus  r  ia  aa  isometric  Isomorphism.  Corresponding  co  Xj  : 

B  -M'  ,  let  Xx  -  r(x1):B-  i|(P')  ,  so  that  realising  M  -  M'Sb*  c 
L5<?)  ,  if  Y(e)  -X(e)+X1(e),  e€* ,  ehen  CX(a),X1,(e))  -0,  s.ecm, 

Y(e)eLg(f)  .  It  is  claimed  ehae  Y:F-  Lg(P)  is  the  desired  Karhunen 
process . 

Identifying  Lg(P)  as  a  subspace  of  Lg(?)  ,  if  Q  is  eha  ortho¬ 
gonal  projection  of  Lg(P)  onto  M'  (cLg(P)  ),  then  QY (e)  •  X(c), 
C€B  .  Also 

S(a,e)  -  (Y(a),Y(e))  -  (X(s)  ,X(e)) +(X1(s),jt1(c))  ,  since  XJCX 

*  £  ^8(a,A)g(e,l’ )  P  (dlldj.')+^^g(s,i)g(c,x.')i  (dx.di')  ,  by 


■  £  £g(a  ,1  )g(e,l  ')v (dx.  ,dv  ' ) 

A)gTeTnU(dX)  ,  by  (23)  . 


(24)  and  (25), 
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Uanca  [Y(e),c«X]  c  L^(f )  la  a  Karhunan  preeaas  relative  to  eha  sane 
<aally  Cg(e,),e«X]  and  u  • 

the  preceding  work  ehua  provaa  CM  following  comprehensive  result: 

™na,M  *  Ul  X:X- lJ(F)  ba  *  atocta  aad  (g(e.),e«X)  frf  j  f- 
Ut  of  lortl  functions.  U  X  la  a  Karhunan  procaaa  ralaciva  co  chit 
a(e. ■ )-fanllr  and  a  o-flnlca  naaaura  t  •<*)  •  SB&  T:Lq(?)  -l^(F) 
la  anr  l^paar  —»■!««  ehaa  (T(c)  -  TX(c),e«X)  la  a  Craadr 

cam  relative  CO  cha  saae  t-{»m jaj iMBUi  flaeBilKLtlBM 
SKi-  Conversely ■  if  tg(t,),e«*J  la  a  bounded  lorel  fanlly  sod  X: 

»-  L*(*>  la  a  Craft  srocass  relative,  co  chla  |  («Ur.Ml  IHtUm 
covariance  blawaaura.  chan  chart  axlata  an  ax tana loo  a pact  Lq(#)  (= 
L3(F)  )  by  eha  a  Ivan  aroctaa.  a  Karhunan  procaaa  Y:X-  L 

ralaciva  co  tha  »aw  |-(amjaU  mitafell  Itoitt  toiLMiag-ffi  *  . 
aacb  chat  X(c)  -  QY(c),  eCX ,  wfam  Q  U  ehe  orthoaonal  pro  Action 
al  Lo (*>  8US.  • 

Sosa  co— aaca  on  chla  ganaral  raaulc  ara  now  In  order. 

Kaaarks  6 .  (a)  Ona  of  eha  laporeane  queries  raised  by  chla  raaulc  la 

chat  wbaehar  avary  Craadr  procaaa  la  obealnabla  aa  a  projacclon  of  aoaa 
Karhunan  procaaa  on  a  aufflclanely  large  aupar  Hllbarc  apaca.  In  ganaral, 
tha  anawar  la  In  Cha  nagaclva.  Indeed,  If  cha  raaulc  wara  crua  whara 
cha  g(c,-)~faad.ly  la  aaraly  2*  Inca  grab  la  in  (19),  chan  lc  auac  alao  ba 
Z- Inca  grab  la  for  (17).  Sine  a  Z  -  Q*Z  la  chan  crua,  ona  haa  X2(Z) 
a  X2(Z)  .  Buc  now  chara  auac  ba  aqualtey  hara.  However,  a  counear- 
axaapla  for  ehla  aquallcy  haa  baan  conaeruccad  ac  cha  Oberwolfach  aaac* 
Inga  by  Erik  Thoaaa .  I  wlah  to  acknowladga  an  anllghcanlng  dlacuaalon 
with  hla  on  Chla  aactar. 

(b)  Tha  pracading  reaark  and  eheoraa  show  chac  cha  claaa  of  Craadr 
procaaaaa  la  quite  larga  and  aoaa  of  lea  aaabara  cannot  ba  dllacad  co 
Karhunan  procaaaaa.  Slnca  aach  g(e,  • ) -function  which  la  lneagrabla  ra¬ 
laciva  co  a  vaccor  aaaaura  v  ia  alao  lneagrabla  ralaciva  co  0  ■  T*v 
for  aach  conetnuoua  llnaar  napping  T:Lq(P)  - Lq(P)  (cf.  [13],  p.  79), 

le  followa  chac  eha  Craadr  claaa  la  eloaad  under  all  such  cranaforaaclona . 

(c)  In  eha  above  work,  eha  face  chac  eha  procaaaaa  are  Indexed  by 
X  la  not  really  uaed.  Hence  eha  rerule  holda  If  X  la  replaced  by  a 
locally  coapacc  apace  and  F  or  f  la  a  Radon  poalclve  deflnlea  bl¬ 
ow  aaure  on  such  a  space,  since  eha  LS-  and  KT-lneegraclon  ehaorlas  ara 
available  on  chase  apacaa. 

In  eha  case  of  X  ,  caking  g(t,l)  •  altx  -  a£ (i )  ,  a  character  of 
X  ,  eha  Craadr  process  bacoaaa  a  weakly  haraonlsable  process,  and  cha 
above  raaule  ehua  lapliaa  eha  following  ona.  Now  X  can  ba  replaced 


by  an  LCA  grow*  by  the  last  remark ,  tad  the  r(-,)  la  assumed  contin¬ 
uous  for  eha  nexe  result. 

™mp<  T  Lftl  G  ba  a  locally  compact  abe.Ugn  JtBjg  ffld  X:C-l£(P) 

ba  a  arocaaa ■  U  *  la  weekly  stationary  In  ehae  r(a,e)  -  r(ae*1)  . 
t(e)  -TX(e),  etc  §g ±  I«(lJ(T))  daflaaa  a  weakly  haroonixablo 
.  X:C-L5(F)  .  Conversely.  alvan  a  weakly  harmonUebls  process 
T:C-l£(F)  ,  chara  exists  an  extension  aoaca  Lj(#)  =  L J(F)  jfljt  jjgttk 

stationary  arocaaa  X  :G  -  Lg(f )  such  ehae  Y(e)  ■  QX(c),  ecc  ,  whore  Q 

la  eha  orehoaonal  pro  lace  Ion  of  Lg(f)  onto  Lq(P)  • 

Slnea  aach  char ac ear  of  eha  LCA  group  G  la  a  boundad  conclnuoua 
funcelon,  all  weakly  haraonlaabla  proeaaaaa  ara  accounead  for  In  chla 
conacrucelon.  However,  aach  axcanalon  ipaca  may  ba  dlffarane  for  aach 
procaaa  and  all  ehoaa  aupar  apacaa  aay  hava  no eh In g  in  coaaon,  axe apt 
eha  givan  L^(P)  aa  a  subapaca. 

S.  Application  co  solf-adlolnc  ooaracor  dilation* • 

le  la  of  Incaraae  eo  praaane  an  operator  theoretic  character lxa cion 
of  Theoren  5.  Though  It  la  aaaanelally  a  cranalaclon  of  language,  It 
navartheleaa  glvaa  further  lnalghc  Into  the  *  true  cure  of  chaaa  proeaaaaa. 

Definition  8.  Let  X  ba  a  Banach  apace,  A:X-I  be  a  linear  (perhapa 
unbounded)  operator,  and  o(A)  ,  the  apectrue  of  A  ,  be  a  proper  aubaac 
of  C  .  Lac  3(A)  ba  the  collection  of  all  mappings  f:C-C  ,  analytic 
In  some  neighborhood  of  c(A)  and  ac  "•  ,"  where  nay  be  In  o(A) 

In  the  unbounded  caaa.  The  neighborhood  need  not  be  connected,  and  can 
depend  on  f  .  If  f£3(A)  ,  let  r  ba  the  boundary  of  an  open  V  a  a  (A) 
conalaelng  of  a  finite  number  of  Jordan  area  auch  chat  f  la  analytic 
on  VUr  .  Then  one  definea  the  operator  f(A)  as: 

f (A)  -  f(-)I+jiT;f(\)R(l,A)dl:  ,  (26) 

r 

where  R(\,A)  ■  (A-\I)"^  ,  la  eha  reaolvent  of  A  .  (26)  la  the  Bochner 

Integral . 

The  operator  f(A)  la  well  defined  and  la  cloaed.  When  I  ■  X  , 
a  Hilbert  space,  one  can  show  that  an  equivalent  definition  Is  as  fol¬ 
lows:  for  each  Borel  f  on  R  and  self-adjoint  A  ,  If  f  ■ 
**(|f(-)l*n]  •  and  *f(A)  "  C*®  fn(A)x  exists)  ,  than  f(A)x  - 
4“fn  (A)x,  x€Aj^aj  .  Thus  (26)  specializes  to  this  whan  all  the  condi¬ 
tions  ara  mat.  This  formulation  will  be  used  In  eha  next  result. 

In  what  follows,  le  will  be  assumed  that  g(0,-)"l  so  that  r(0,0) 

•  k<*  .  This  will  force  ?  eo  be  a  finite  measure  for  the  Xarhunan 
process  case  (cf.  (16)).  It  la  a  convenient  normalization.  Then  the 
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following  raaule  obtain*: 

Tll*mi><  0  Idl  X:»-  Lq(')  Ctw<r  Kochi.  wUclvt  co  a  cl— 

tg(e,),e«m}  of  bounds  Bert 1  function*  wich  g(0,)*i  .  Thoa  char* 

k  m  usmiask  uast  io<*')  3  $(*)  .  fa  i jams  *0* Lo(F')  sasLia 
atwaM  Uaui  amai  A  fra  lJc*')  into  lJ(p>  *uch  that 

Al  ,  1*  avecrlc  wich  do— in  dan**  in  aptx(e),e«*)  c  LJ(P)  .  and 

ttftL  (  S(e»  la  defined  a a  In  cha  abova  daflalrlnn  ini  S3— Bl) 

*<0  -  *(c»t0  ,  c«*  .  (27) 

kaanilL  If  K  la  *  >wmu  danaaly  da flnad  operator  to  lJ(P)  , 
X^€LT(f)  and  cha  g(e,-)  ‘a  art  a*  abova ,  than  tha  procaaa  Y(t)  • 
S(c,A)X0,  c«m ,  la  ilMTi  a  Crandt  orocta*  ctlaciva  co  cha  a- family. 

Proof:  Lae  X:m-  Lg(P)  b*  a  Craadr  procaaa  ralaclv*  co  tha  glvan 
g-faaily.  Than  by  Theoren  5,  char*  la  an  axcanalon  apace  L^(P')  s 
Lq(F)  ,  and  a  Karhunan  procaaa  Y:m-  Lq(P')  auch  chac  X(e)  -  QY(e), 

e€m,  whara  Q  la  cha  orebogonal  projacelon  of  L^(P')  oneo  L^(P)  . 
Slnca  g(0,-)*l  ,  cha  rapraaanelag  aeaaure  (of  (16))  la  flnlea.  Bue 
chan  a  Karhunan  procaaa  can  alao  ba  glvan  la  an  oparacor  chao ratio  form 


Y(e)  -  g(e,A)Y(0)  ,  cam  ,  (28) 

where  A  la  an  unbounded  aelf-adjoine  oparacor  with  danaa  domain  In 
aplY(c),eam}  c  Lq(P')  .  Thla  vara  Ion  of  cha  rapraaaneaclon  (17)  haa 
bean  proved  by  Geeoor  ((3],  Thai.  3A).  Moca  chac  g(e,A)  la  actually 
defined  by  cha  apectral  thaoran  for  A  .  Conaequancly 

g(C,X)Y(0)  -£g(e,X)E(dX)Y(0)  (29) 

whara  (8(c), cam]  la  cha  raaolucion  of  eba  Identity  of  A  .  since 
g(c,-)CC(2)  ,  where  2  ■  t(-)Y(0)  la  a  vector  naaaura,  lc  follow*  alao 
Chat  g(e,-)CC(Qf)  ,  by  ([13],  p.  79).  Thua 

X(e)  ■  QY(e)  -£g(t,X)(Q.2)(dA)Y(0)  ,  by  ([4],  p.  324), 

•  g(e,A)Y(0)  ,  (30) 

where  A  *^xE(dX)  ,  with  E(X)  •  q£(X),  X6H  ,  aa  a  generalized  spectral 

iMllX.  (!•••.  It*  lncrananca  are  poaieiva  bue  noc  nacaaaarily  projac- 
elona)  (cf.  [14],  p.  6).  Xc  la  known  and  aaally  verified  that  Ai  , 

lx*o<p> 

la  a  ayaaecrlc  and  danaaly  defined  operator  of  cha  aeaead  kind.  Moca 
that  g(0,A)  -  Q  and  ao  X(0)  -  QY(0)  . 

For  cha  converae  pare,  If  A  la  a  aynaeerlc  danaaly  defined  oparacor 


M  In  eh*  letcwtnt,  than  by  NaXmark'a  theorem  ([14],  Thm.  I).  le  ex¬ 
tends  to  a  self-adjolne  operator  A  on  an  axeanslon  apaca  Lg(P')  , 
auch  chat  A  ■  qA  .  Hanca  g(t,A)  ■  Qg(t,A)  .  But  Y(t)  -  g(e,A)YQ, 
t«» ,  is  a  Karhunen  proeaaa  in  Lq(P')  by  (12)  and  [5]  ralaelva  to  eha 
g- family.  So  by  eh*  eorraapondlng  pare  of  Theorem  5,  X(C)  -  QY(e), 
e«* ,  la  a  Cramdr  proeaaa  in  Lq(P)  ralaelva  eo  eh*  same  g-family.  Thla 
completes  eha  proof. 

Th*  preceding  resule  ha*  an  incaraaeing  consequence: 

Remark.  Each  vaceor  maaaur*  on  <£,*<£))  Into  a  Hilbert  apace  la 
derived  from  a  generalized  apeceral  family. 

For,  lac  v:B(R)~Lq(P)  b*  a  vaceor  maaaur*.  Than  X(e)  - 
"eXcXv (dl )  ia  weakly  harmonizabl*  by  Theorem  7,  and  hanca,  by  eb*  above 
*  2/2 

raaule,  char*  ia  an  axeanaion  apaca  Lq(P  )  =>  Lq(P)  a  self -adjoint  op- 

m  a 

aracor  A  on  le,  and  an  alamane  Xq€Lq(P')  auch  ehac,  with  g(t,\)  " 
*la  , 

£alcxv(di)  •  X(e)  -Qg(e,A )2q  -  >lex(Q-E)(dl)X0  ,  e€*  ,  (31) 

whar*  (E(e),eCK}  la  eh*  raaoluclon  of  eh*  identity  of  A  In  Lq(P')  . 
If  (E(t)  •Qf(e),t€Il }  ia  eh*  generalized  resolution,  than  (31)  1m- 
pliaa  v ( • )  »  E(-)Xq  •  This  aatabliahaa  eh*  aaaartion. 

Th*  laae  ehaoram  alao  yields  eha  naxc  raaule  of  interest  on  salf- 
adjolnc  dilations  of  cerealn  oparaeors : 


THEOREM  10.  Lae  A  be  a  symmetric  operator  with  dans*  domain  in  X  , 
and  [gt,t*»]  be  a  family  of  bounded  Bocal  functions  with  gQ»l  .  Than 
T£  •  gt (A) ,  tCK ,  defines  a  family  of  bounded  operators  for  which  there 
exists  an  extension  Hilbert  space  X  =  X  ,  a  self -ad joint  operator  A 
22.  *  extend inz  A  auch  that  T(  -  Qgc  (A)  ,  whar*  Q  la  th*  orthogonal 
pro lac don  on  x  -x  .  Conversely,  every  densely  defined  aelf-adloinr 
operator  A  on  a  Hilbert  space  X  ,  and  a  family  Cgt,t6Il}  of  Borel 
function*  define  a  class  of  closed  operators  Tfi  -  Qgt(A)|„  -  Rc (A) | „ 
where  A  ■  QA  and  X  ■  Q(X)  ,  Q  bains  an  orthogonal  projection  on  x  . 

If,  in  eh*  above,  ge(X)  ■  *ie*'  ,  then  gt(A)  ■  *XtA  »  U£  ia  a 


unitary  operaeor  and  Tr 


-c  Q$t  (A)  -^«leX(Q-8)(di)  ,  define*  a  weakly 

continuous  family  of  posielv*  definite  coneraceive  operators  in  X  •  Qx 
Hence  ebe  following  resule  of  Sz.-Nagy  ([14],  Thm.  IV)  is  obtained  from 
eh*  above  resule,  which  depends  only  on  Nalmark's  theorem. 


1 


{Ue,eC*}  of  operators  on  K  ouch  choc  Te  -  QUt,  c®  .  gPEyeryely, 


iwn  weakly  continuous  group  of  unitary  operators  [Uc,c«]  defines 
iklr  continuous  positive  do f inlet  contractive  family  of  operators 
tTe-QOc,C€»}  SSL  *  “  QOO  for  o»ch  orthogonal  projection  Q  on  K  . 

It  may  be  nocod  choc  the  above  theorem  woo  independently  proved 
In  [14],  end  Chen  Nalmark's  result  was  deduced  froa  this  one.  The  above 
work  shows  chat  the  converse  implication  Is  valid  as  well.  Thus  both 
these  results  are  essentially  equivalent,  chough  this  equivalence  lies 
socMwhat  deeper.  Actually  Sa.-Nagy  has  proved  a  more  general  result, 
the  "Principal  Theorem,"  in  [14]  for  a  suitable  semi-group  of  operators 
and  then  deduced  several  of  these  results  including  Theorem  11.  By  a 
suitable  choice  of  the  ge-family,  it  appears  that  one  can  obtain  this 
general  theorem  with  the  above  work  plus  Nalmark’s  result,  which  will 
then  Imply  the  equivalence  of  all  the  results  of  [14]  with  the  above 
point  of  view. 
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